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1. 
In a recent paper Bosanquet [2] has proved the following theorems.1 
THEOREM A. If 0 < 01 < 1, and f (x) is representable in the form 
1 co 
- 
f(x) = l-(a) s 
(t - x)“-‘g(t) dt p.p. for x > A, (1-l) 2 
p.p. for x > A, and in particular, Eq. (1.2) holds whenever g(x) is continuous. 
THEOREM B. If 0 < a < I, necessary and su$zcient conditions for a function 
f(x) to be representable in the form 
1 
f(x) = T(a) z -Jw(t-x).-lg(t)dt p.p.forx>A 
where A > -00, are 
U-3) 
(1) s : (u - x)-a f (u) du E 4C[X, w] 2 
whenever A<X<w<oo, 
(1.4) 
(11) jzw (u - x)-l du lWm (t - u)-O-l f (t) dt - 0 
as w--t oo,p.p.for x > A. 
(1.5) 
1 The case OL > 1 is also considered in the same paper. 
2 AC[X, VN] denotes absolute continuity in the closed interval X < x < w. 
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In this paper we extend the results of Bosanquet by replacing the function 
~-l/I’(a) by a general function G(t), and the related function t-“/F(l - a) 
by the function H(t) such that 
s YG(y-t)H(t)dt=l fory>O, 
=0 fory=O. U-6) 
0 
2. 
In this section we collect a few lemmas. Lemmas l-4 are proved in [l]. 
LEMMA 1. If G(t) and H(t) are both positive for t > 0, and satisfy (14, 
and if b(t) E BV[x, c] and d(x) = +(x +), where x < c, thaz 
,f; d+(t) = 1; G(u - x) du 1; H(t - U) d+(t), (2.1) 
the inner integral existing for almost all u in (x, c). 
LEMMA 2. If G(t) is positiwe for t > 0, G(t) EL(O, c - x) and 
I ’ G(t - x) dt j-t’ [ d+(u)! < co, z 
where x < c, then 
(2.2) 
the inner integral existing for almost all u in (x, c). 
LEMMA 3. If G(t) is continuous for t > 0 and 4(t) E BV[b, c], then the 
ficnction 
is continuous for x < 6. 
LEMMA 4. If G(t) is decreasing and positive fat t > 0, and 
‘3 - 4 g(t) E JW, K), 
where x > 0, then g(t) EL&, K). 
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LEMMA 5(a). If G(t) is continuous and positive for t > 0 and 
(i) Jbm G(t)g(t) dt converges, 
(ii) 
G(t - x) 
‘30 
4 as t t” for t > x, t > 0, 
then 
s m G(t - x)g(t) dt = G(w - ‘xl o(l) Z” G(w) (2.4) 
ax w --f co, uniformly for x < w. 
Forx<w<T<co,w>0, 
1 j-r W - 4 g(t) dt 1 = ( j- * G(;ijx’ G(t) g(t) -it 120 
= G@ - 4 I/” G(t)g(t) dt 1 (w < T’ < T) G(w) w 
< E G@ - 4 
G(w) 
for w > wO, 
uniformly for x < w and T > w, since 
jj-r’G(t)&)d~I GE for T > w > w, , where T’ = T’(T). 
10 
Since G(w - x)/G( ) p t w is osi ive and decreasing as w increases, it follows 
that the integral on the left of (2.4) converges, and 
is 
m G(t - x) g(t) dt [ < l ‘(&;) x, for w > wO and all x < w. 
II’ 
LEMMA 5(b). i’f 
VJast tandisO(+) (2.5) 
ast+cO, then 
G(W) ~ = O( 1). 
‘34 
(2.6) 
By using the mean value theorem and (2.9, it can be easily seen that (2.6) holds. 
3 The symbols 1 and t stand for non-increasing and increasing, respectively. 
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For 
0 < log G(w/2) - log G(w) 
= w G’(I) _-.- 
2 G(5) 
(42 < 5‘ < w) 
w I W)I .- 
= T G(t) 
< z I G’@ml 
’ 2 G(w/2) 
= O(1). 
LEMMA 5(c). If G(t), - G’(t) are continuoils and positiwe for t > 0, and 
(9 s 
m G(t - 4 g(t) dt (2.7) 
z 
converges for x = 5 (fixed) with 0 < 5 < x,, - 7, 
(ii) 1 G$/ j as t t and is 0(1/t) as t + CO, then 
1; G’(t - x)g(t) dt = o (&) us W-P co, w9 
uniformly for x < w and the integral on the left of (2.4) has a continuous derivu- 
tive for x < w. 
It follows from the assumptions that (2.7) converges uniformly for 
x,--77<x<xo+11, 
and 
s I G’@ - “41 -kt--x)g(t)dt=o( G(w--5) ) as w-+ co. w 
But, by Lemma 5(b), 
I G’(w - 41 I G’@ - 41 
G(w - r;) =’ ( G(w - x) ) 
=o(&)=o(&), 
and this gives the result. 
Since lz G’(t - x) g(t) dt converges uniformly with respect to x in 
(x0 - r], x0 + q),. x0 + r] < w, with G’(t) continuous for t > 0; hence, 
s 
m 
G(t - x)g(t) dt has continuous derivative for x < w. 
w 
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3. 
In this section we obtain an extension of Theorem A. 
THEOREM 1. Assume that 
(9 G(t), - G’(t), H(t), - H’(t) are positive and continuous for t > 0 
and satisfy (1.6), 
(ii) $#J,asttandisO(f)ast+m, 
(iii) I H’(t)J 
H(t) 
4 as t t and is 0 $ 
( 1 
ast+oO. 
Zf f (x) is defined for almost all x > 0, and there is a function g(x) such that 
f(x) = jzm G(t - x)g(t) dt p.p. for x > 0, 
then 
g(x) = +i - & jw H(u - x) f (u) du 
x 
(3.2) 
p.p. fOY x > 0. 
Proof. We first prove that, for all x > 0 and w > x, 
H(u - x)f (4 cqx, 4, 
and 
jw H(u - X)f(U) du = jwg(t) dt + SW H(u - X) du ja G(t - u)g(t) dt. 
z z e w (3.3) 
We have 
f (xl = jzw G(t - x) g(t) dt + jm G(t - x) g(t) dt (3.4) u,
for almost all x > 0 and every w > x. 
Ifw >o, 
I w G(t - 4 At) dt x 
exists p.p. in (0, w), and, hence, by Lemma 4, g(x) EL(X, w) whenever 
0 < X -=c w. Thus, by Lemma 1, 
I w H(u - x) du j-w G(t - u)g(t) dt = jwg(t) dt. (35) z u z 
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Write, for B > w, 
R(x, w) = f= G(t - x)g(t) dt 
w (3.4) 
G(t - x) g(t) dt 
= J&(x, w) + R(x, Q). (3.7) 
By Lemma 5(c), R(t, Q) is continuous for t < 52, and in particular continuous 
for x < t < w. 
It follows that 
s 
w H(u - x) R(u, Q) du 
2 
(3.8) 
exists for all x and all w, 8 such that x < w < 8. Next, by Lemma 3, Rn(t, W) 
is continuous for t < w, and by Lemma 4 and (1.6), H(u - X) E L(x, w). 
Therefore, 
I M H(u - x) ) Rn(u, w)l du < jwH(u - x) du 1” G(t - u) ) g(t)1 dt 3: + co 
= J‘,” 1 g(t)] dt c’ G(t - u) H(u - x) du 
< J’,o J g(t)/ dt 1’ G(t - u) H(u - x) du 
32 
= ,o I &)I dt < ~0, s (x<w<Q<<). 
Hence, 
s 
w H(u - x) R*(u, w) du 
0 
(3.9) 
exists for all x and all w > x. 
It now follows from (3.4), (3.5), (3.8), and (3.9) that H(u - x)f(u) EL(x, w) 
and (3.3) holds. 
We next prove that, for almost all x > 0 and all w > x, 
s w H(u - x)f(u) du is differentiable z 
and 
d * -- 
dx 2 H( s 
u - x)f(u) du = g(x) - -$ J; H(u - x) R(u, w) du. (3.10) 
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Write, for x < 2 < w 
jw H(u - x) R(u, w) du = 1s” + SW/ H(u - x) R(u, w) du 
I 
= r:+ Jz : 
Then, since H’(t) is continuous for t > 0, 
; Jz = $ J’: H(u - x) R(u, w) du 
z- 
I 
w H’(u - x) R(u, w) du 
z 
(3.11) 
(3.12) 
for all x and all z, w such that w > z > x. Also, 
Jl = j-z’ H(u - x) R(u, w) du 
Z s’ H(u - x) {R(u, w) - R(z, w)} du + R(z, w) /= H(u - x) du. 
z a! 
Since by Lemma 5(c), R’( , ) x w is continuous for x < w, it follows from 
Lemma 2 that 
J1 = - j-z’ du j-U% H(w - u) R’(w, w) dv + R(z, w) /‘-= H(y) dy 
0 (3.13) 
= .I11 + JlZ . 
Hence, 
2 jll = 1%’ H(u - x) R’(u, w) du 
for almost all x and all w > z > x, and 
$ Jlz = - R(z, w) H(z - x) 
(3.14) 
(3.15) 
for all x and w > z > x. Hence, it follows from (3.11)-(3.15) that 
c H(u - x) R(u, w) du is differentiable for almost all x and all w > x, and 
by (3.3), we obtain (3.10). 
Finally, we prove that for almost all x and all w > x, 
d w 
dx. s 
H(u - x) R(u, w) du + 0 as w+ co. (3.16) 
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Let x be fixed, and take w > 0, w/2 > x and z = w/2. Then we have, from 
(3.12), (3.14), and (3.19, 
d * 
zz I 
H(u - x) R(u, w) du 
s 
WI2 
= H(u - x) R’(u, w) du - 
z 
R(;-,w)H(+-x) 
- s w H’(u - x) R(u, w) du w/2 
= I1 - I, - I3 . 
Now, by Lemma 5(c), 
I1 = SW” H(u - x) du Jrn G’(t - @g(t) dt 
Lz w 
1 
( )I 
WI2 
=o - 
w z 
H(u - x) du = o + 
( )I 
w’2 H(u) du = o(l), 
0 
rm 
I2 = H(w/2 - x) J; G(t - w/2)g(t) dt 
= H(w/2) 5# o(l) 
W 
= o(1) 
I, = c, H’(u - x) du jrn G(t - u) g(t) dt 
w 
(by Lemmas 5(a) and 5(b)). 
(by Lemma 5(a)). 
It is, thus, enough to show that, for fixed X, 
1 w 
G(w) w,2 ’ H’(” s 
- x)1 G(w - u) du = O(1) (3.17) 
asw-+cO. 
We first note that, for y > 1, 
I xi V-l H( y - x) G(x) dx = 1’ H(t) G( y - t) dt 4. 0 
In view of (1.6), it follows that 
s 
Y-l 
H( y - x) G(x) dx t. 
0 
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Hence, 
O&- //‘%(y - x) G(x) dx/ 
dY 0 
121 
= H(1) G(y - 1) + j"-1 H'(y - x) G(x) dx 
0 
:= H(1) G(y - 1) - j”-’ 1 H’(y - .I$ G(x) dx. 
0 
Hence, for w >, 2(.x + l), 
ju;2 1 H’(u - x)1 G(w - u) du < jw 1 II’@ - x)1 G(w - u) du 
x+1 
< H(1) G(w - x’ - 1). 
But, for fixed x, it follows from Lemma 5(b), that 
G(w-x- 1) -1 
G(w) ’ 
as w -+ co. Hence, (3.17) holds. Hence, (3.16) follows from the estimates 
obtained for I1 ,1s and 1s . 
Thus, from (3.10) and (3.16) we get (3.2), and, hence, the theorem is 
proved. 
4. 
In this section we prove an analogue of Theorem B. In order to prove 
our theorem we need three more lemmas. 
LEMMA 6. If H(t) and - H’(t) are continuous and positive JOY t > 0, 
necessary and su#kknt conditions for 
$2 $ j a H(u - x)f(u) du (4.1) 
- 5 
to exist for a given x > 0 are that, for some w > x, 
(a) & 6 I-I(u - x)f(u) du should exist, 
(b) jrn H’(u - x)f(u) du should converge. 
ul 
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When the conditions are satisjed, then 
p;s” -3 H(u - x)f(u) du z 
(4.2) 
=z; 
d Iw H(u - x)f(u) du - j-m H’(u - x)f(u) du 
u, 
for .mry w > x. 
Proof. First suppose that 
Then 
g&j” + H(u - x) f (u) du exists. a! 
d n 
dx. I 
H(u - x)f(u) du 
must exist for all J2 > Qs . 
Since the integral must exist throughout some neighborhood of x, and 
H(t) is decreasing and positive for t > 0, Lemma 4 implies that!(u) EL&X, Sz), 
for some X < x. It follows, since H’(u - x) is continuous for u > x, that 
d * 
dx. I W 
- x)f(u) du = ; 1,” + s”j H(u - x)f(u) du 
a! w 
= 2 SW H(u - x)f(u) du - j-” H’(u - x)f(u) du. 
1: w 
This tends to 
; j; H(u - x)f(u) du - 6 H’(u - x)f(u) du, 
asQ-+co,foreveryw>x. 
Conversely, if (a) and (b) hold for some w > x, where x > 0, then 
f(u) EL(X, 9) for some X < x, and 
1 jw H(u - x)f(u) du - Jrn H’(u - x)f(u) du 
2 to 
= &-I-I 
I I 
$ w H(u - x) f (u) du - j-1 H’(u - x)f(u) du) 
5 
= $2 -&j+” H(u - x)f(u) du. 
r 
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LEMMA 7. If P(x, w) denotes a proposition depending on x and w, where 
0 < x < w, and if (i) f or each w > 0, P(x, w) is true p.p. in (0, w), (ii) the 
truth of P(x’, w’) implies the truth of P(x’, w) for every w > w’, then P(x, W) 
is true for almost all x > 0 and ewery w > x. 
The proof is given by Bosanquet [2]. 
LEMMA 8. If G(t) is continuous for t > 0, G(t) EL(O, q), 7 > 0, and 4(t) 
is bounded in every finite interval (X, c), then the function 
h(x) = SC G(t - x) b(t) dt 
I 
is continuous for x < c. 
The proof is given in [I]. 
THEOREM 2. Suppose that the conditions of Theorem 1 are satisjed. Then 
necessary and su.cient conditions for a function f(x) to be representable in the 
f arm 
f(x) = lzrn G(t - x)g(t) dt p.p. for x > 0 (4.3) 
are 
I w H(u - x) f (u) du E AC[X, w], cc (4.4) 
wheneverO<X<w<co, 
(II) the repeated integral 
j-W G(t - x) dt Irn H’(u - t) f (u) du 
z w (4.5) 
should exist for all x > 0 and all w > x, and tend to zero as w -+ 00 for almost 
all x > 0. 
Proof of Theorem 2. First, suppose that conditions (I) and (II) hold. 
By Theorem 1, if there is a function g(x) satisfying (4.3), then necessarily 
g(x) = j-2 - 2 ,/-I H(u - x)f(u) du p.p. for x > 0. (4.6) 
+ 
We have also to prove that (4.6) d oes define a function g(x); in other words, 
that the limit in (4.6) exists. 
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If w > 0 is given, then by condition (I), 
- & SW H(u - x)f(u) du exists p.p. in (0, w). 
5 
Since the integral exists for all x in (0, w), by (4.4), f(u) E L(x, w) whenever 
0 < x < w < CO, by Lemma 4, and, hence, by the continuity of H’(u - x) 
for u > x, as in the proof of Lemma 6, the existence of 
- % SW H(u - x)f(u) du for a given w > x 
x 
implies its existence for every w > x. 
Hence, by Lemma 7, 
- f $” H(u - x)f(u) au exists p.p. for x > 0 and every w > x. 
2, 
Since the existence of the repeated integral in (4.5) for all x > 0 implies the 
convergence of 
s * H’(u - t) fW du for almost every t in (0, w), u) 
and convergence is not destroyed if w is replaced by any larger number, it 
follows, by another application of Lemma 7, that the right side of (4.6) exists 
p.p. for x > 0 and every w > x. 
We now define g(x) by (4.6), and write it in the form 
g(x) = - & izw H(u - x)f(u) du + IWrn H’(u - x)f(u) du. (4.7) 
Remark. Here g(x) EL in every finite interval (X, w), X > 0, the first 
term in the right side of (4.7) is the derivative p.p. of a function absolutely 
continuous in [X, w], by condition (I), and the other term EL(X, w), by (II) 
and Lemma 4. 
Therefore, for w > 0, 
s w G(r - x)g(t) dt 
exists p.p. in (0, w). 
z 
In fact, we have 
s sG(t-zc)dtJt 5 5 g(u) du = Iw du l” G(w - u) g(w) dw z 11 
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where left side integral exists, since s:g(zc) du is continuous. The inner 
integral in the right side exists p.p. by Fubini’s Theorem, which is applicable, 
since 
SW G(t - x) dt I’ ) g(u)1 du < co. 
z I 
By the above remark, we have 
- fe G(x - y) dx 1” dt 1 j-tw H(u - t)!(u) du 
‘21 z 
= I’* G(x - y) dx je H(u - x)f(u) du, for all x < w, 
‘Y 5 
i.e., by Lemmas 1 and 2, 
- [” dv j-I G(t - v) I$ ]I’ H(u - t)f(u) du/ dt 
‘Y v t 
= : j(u) du, 
I 
for ally < w. 
Taking the G-transform of both sides of (4.7), we get 
Jzw G(t - x)&j dt = Izw G(t - x) I- $ jtw H(u - t)f(u) dut dt 
+ Izw G(t - x) dt lrn H’(u - t)f(u) du. 
Ill 
It follows from (4.8), that 
Izw G(t - x) I- $ Jtw H(u - t)f(u) du/ dt =f(x) 
for almost all x in (0, w). 
We next prove that 
SW G(t - x)g(t) dt =f(x) + SW G(t - x) dt Irn H’(u - t)f(u) du 
s I M 
for almost ail x > 0 and every w > x. Define 
4(x, w) = j-: G(t - x) I- $ Jtw H(u - t)f(u) dti/ dt 
(4.8) 
(4.9) 
(4.10) 
(4.11) 
(4.12) 
whenever the right side exists. 
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In order to prove that if (4.10) holds with (x’, w’), x’ < w’, then it holds 
with (x’, w) for w > w’, it will be enough to prove that if 4(x’, w’) exists, then 
(i) 4(x’, w) exists for w > w’, and 
(ii) C&X’, w’) = f$(z’, w). 
The proof of (i) follows easily. 
For, if 4(x’, w’) exists, where x’ < w’, then, for w > w’, 
d(x’, w’) + j-WY G(t - x’) ] - $ j;* H(u - t)f(u) dul dt 
+ IaT’ G(t - x’) ] - $1; H(u - t)!(u) dul dt = 4(x’, w). 
To prove (ii), define j(q w’, w) for x < w’ < w by 
j(x, w’, w) = SW: G(t - x) f - $ Jtw H(u - t)f(u) dul dt 
+ s”’ G(t - x) ]- $ /WY H(u - t)f(u) dul dt. 
+ 
Then (a)j(x, WI, w) is continuous for x < w’ (w > w’), by Lemmas 3 and 8, 
and 
(b) j(x, w’, w) = +(x, 4 - #(x, w’) 
whenever 4(x, w), 4(x, w’) both exist, i.e., whenever C&X, w’) exists, by (i). 
It remains to prove that 
(c) j(x, w’, w) = 0. 
Now, by (4.10), 
4(x, w’) = f(x) P.p. in (0, w’), 
and 
5% 4 =f(x) P.P. in (0,~). 
Hence, 
4(X, W) - 4(x, w’) = 0 p.p. in (0, w’), whenever w > w’. 
It follows that 
j(x, w’, w) = 0 p.p. in (0, w’), whenever w > w’. 
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But j(x, w’, w) is continuous in (0, w’), and, hence, j(x, w’, w) = 0 in the 
whole of (0, w’), whenever w > w’. Thus, 4(x, w) =+(x, w’) whenever 
4(x, w’) exists and 0 < x < w’ < w, which proves (ii). 
Finally, if (4.10) holds with (x’, w’), i.e., 4(x’, w’) exists and has the value 
f(x’), then 6(x’, w) also exists and has the same value for w > w’, i.e., (4.10) 
holds for w > w’. 
Since (4.10) holds p.p. in (0, w), for every w > 0, it now follows from 
Lemma 7 that (4.10) holds for almost all x in (0, co) and every w > x. 
Finally, it follows from (4.11) and Condition (II) that 
I w G(t - x) g(t) dt *f(x) as w -+ co p.p. for x > 0. z 
Thus, (I) and (II) are sufficient conditions. 
Necessity. Suppose now that f(x) is given, and that there is a function 
g(x) such that 
f(x) = Ia G(t - x) g(t) dt pp. for x > 0, (4.13) 
z 
so that 
f(x) = 6‘ G(t - x)g(t) dt + jrn G(t - x)g(t) dt 
w 
= 
I w G(t - x)&t) dt + R(x, w) z 
(4.14) 
p.p. for every w > x and x > 0, where R(x, w) is given by (3.6). 
Necessity of (I). It follows from (4.14) (which is (3.4)), as in the proof of 
Theorem 1, that (3.3) holds, i.e., that 
j-W H(u - x) f (4 du = j??(t) dt + j-W H(u - x) R(u, w) du, (4.15) 
0 z x 
wheneverO<x<w<m. 
Now 
I wg(t) dt E AC[X, w] 5 (4.16) 
whenever 0 < X < w < 60, and we must prove that 
I w H(u - x) R(u, w) du E AC[X, w] 2 (4.17) 
409/44/I-9 
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whenever 0 < X < w < co. Writing, for Q > w, as in (3.7) 
W, 4 = R&G w) + Wx, Q), 
and quoting the previous result (3.13), we have 
(4.18) 
s w H(u - x) R(u, Q) du 3? =- I s wdu wH(V e u. - ~1) R’(K Q) dV + R(w, Q) L-Z H(y) dy, 
which is absolutely continuous in every interval [X, w] for 0 < X < w. 
Finally 
I w H(u - x) R& - w) du + 
= j;g(t) dt [ 1 - s,; G(t - u) H(u - x) du/ 
=j:g(t)dtj;G(t--)jH(u-w)-H(u-s)}du 
= - Sag(t) dt s” G(t - u) du SW H’(u - y) dy 
I-~dy~;g;)dt~~G(t-:)H’(u-y)du, 
(4.19) 
the inversion of repeated integrals being justified by absolute convergence, 
since 
g(t) E&4 Q). 
Thus, 
s 
w H(u - x) R&i, w) du E AC[X, w] (4.20) 
z 
whenever X < w < Sz. 
It follows from (4.18)-(4.20) that (4.17) holds, and then from (4.15)-(4.17) 
that 
s 
w H(u - x)f(u) du E AC[X, w] (4.21) 
+ 
whenever 0 < X < w < CO, i.e., that (I) is necessary. 
ABEL’S INTEGRAL EQUATION EXTENDED 129 
Necessity of (II). By assuming (I) we prove that (II) is also necessary. 
Since (4.13) holds, it follows from Theorem 1 that 
g(x) = ;f - ; lw H(u - x)f(u) du p.p. for x > 0, 
3c 
(4.22) 
so that by Lemma 6, 
g(x) = - & J: H(u - x) f(u) du + jL; H’(u - x) f(u) du (4.23) 
p.p. for x > 0 and every w > x. Write 
T(x, w) = Irn H’(u - x)-f(u) du. 
w 
We now prove that 
(4.24) 
j-m G(t - x)&t) dt = f(x) + j-W G(t - x) T(t, w) dt, 
& 5 
(4.25) 
which is (4.1 l), but deduced from (4.22) and (I), instead of (I) and (II). 
From (I), we obtain (4.10), as in the sufficiency part, i.e., 
f(x) = lzm G(t - x) I- $ ltw H(u - t)f(u) du/ dt (4.26) 
p.p. for x > 0 and every w > x. Next T(x, w), defined by (4.24) is continuous 
for x < w, by Lemma 5(b) with H’ in place of G’. 
To prove that st G(t - z) T(t, w) dt exists and is continuous, we now 
show that 
(i) T(x, w) EL(X, w), whenever 0 < X < w < 00, 
(ii) T(x, w) is continuous for x < w. 
(4.27) 
Write, for 0 < x < w < Q 
T(x, 4 = is,” + j-; 1 H’(u - x) f(u) du 
(4.28) 
= T&G w) + qx, Q). 
Then T(x, Q) is continuous for x < w, and hence 
qx, Q) E L(x, w) whenever O<X<w. (4.29) 
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Also Tn(x, w) is continuous for x < w, and if X < w < J2, 
zz.z s,” I f(u)1 du j-; l H’(u - x)1 dx 
d ,I If(u)1 du H(u - w) < 03. s 
Since so H(u - w)f( u ) d u exists as a Lebesgue integral (L) by (I). Thus, 
T’(x, w) E-W, w) whenever o<x<w<sz, (4.30) 
and (4.27) follows from (4.28~(4.30). 
Also (4.27ii) holds, since the integral in (4.24) converges uniformly in any 
interval (x,, - 77, CC,, + T), x,, + q < w, and H’(t) is continuous for t > 0. 
Hence, by Lemmas 3 and 8, j’r G(t - x) T(t, w) dt exists and is continuous 
for x < w. (We apply Lemma 3 in (w - 7, w) and Lemma 8 in (x, w - T), 
where 0 < 7 - w - x.) Finally, since 
I w G(t - x) g(t) dt *f(x) as w-+ Co, (4.31) + 
pp. for x > 0, by (4.13), it follows from (4.25) that 
I w G(t - x) T(t, w) dt 4 0 as W-+C.Q (4.32) 2 
p.p. for x > 0. Thus, the necessity of (II) is established, and, hence, the 
theorem is proved. 
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